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The general problem of potential flow past a slender body of revolution is con-
sidered. The flow incident on the body is described by an arbitrary potential
function and hence the results presented here extend those obtained by Handels-
man & Keller (1967 a). The part of the potential due to the presence of the body
is represented as a superposition of potentials due to point singularities (sources,
dipoles and higher-order singularities) distributed along a segment of the axis
of the body inside the body. The boundary condition on the body leads to a
linear integral equation for the density of the singularities. The complete uniform
agymptotic expansion of the solution of this equation, as well as the extent of
the distribution, is obtained using the method of Handelsman & Keller. The
special case of transverse incident flow is considered in detail. Complete expan-
sions for the dipole moment of the distribution and the virtual mass of the body
are obtained. Some general comments on the method of Handelsman & Keller
are given, and may be useful to others wishing to use their method.

1. Introduction

We wish to consider the general case of potential flow past a slender body of
revolution. The results presented here extend those obtained in Handelsman &
Keller (1967a), where only axially symmetric flows past the body were considered.
They represented the disturbance potential ¢* due to the presence of the body
as a superposition of potentials due to point sources distributed along a segment
of the axis of the body inside the body. They then presented a special method for
obtaining the uniform asymptotic solution of an integral equation resulting
from the boundary condition for the problem. Their method (see also Fraenkel
1969) has been used by others, e.g. Tillett (1970), to describe Stokes flow past a
slender body of revolution and also by Geer & Keller (1968) and Geer (1974) to
solve some two-dimensional flow problems.

To illustrate the method used here, we first consider in detail the case when
the incident flow, which in general is described by a potential ¢°, is a uniform
flow transverse to the axis of the body. For this case, the part of the potential
due to the presence of the body is represented as a superposition of potentials
due to point dipoles oriented in the direction of the flow and distributed along
a segment of the axis of the body inside the body. The boundary condition on
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the body then leads to a linear integral equation for the dipole strength density.
Using the method of Handelsman & Keller, the complete uniform asymptotic
expansion of the solution of this equation, as well as the extent of the distribu-
tion, is obtained. Complete expansions for the total dipole moment of the dis-
tribution and the virtual mass of the body are then found.

These results are then generalized to the case of a general incident flow des-
cribed by an arbitrary potential ¢° The corresponding disturbance potential
¢® is represented as a superposition of potentials due to appropriate (in general,
higher-order) singularities distributed along a segment of the axis of the body
inside the body. Again the boundary condition on the body leads to an integral
equation, which can be solved using the method of Handelsman & Keller. It
is interesting that the extent of the distribution for all of these higher-order
singularities is the same as for the source distribution in the axially symmetric
case.

Finally, some general comments and observations are made about the general
method of Handelsman & Keller, and may be helpful to others who would like
to use their method to solve related or other problems.

2. Formulation of the problem

We introduce cylindrical co-ordinates (r,0,z) in the usual way, with the 2
axis coinciding with the axis of the body. Let the equation of the surface of the
body be 7 = €[S(z)]3, 0 < z < 1, where max S(z) = 1. We shall assume that S(z)
is analytic on 0 < z < 1 with §(0) = 0 = §(1) and can be expanded in power
series about the end points as follows:

S(z) = E € 2% Cp = S(")(‘O)’ (2.1)
n=1 n:

S(z) = % d,(1-2), d, = (-—1)"__?%_(1) (2.2)
n=1 n.:

We shall assume that ¢, + 0 % d,, i.e. that the radii of curvature at the ends of
the body are non-zero.

We now seek a function ¢? which is harmonic in the region outside the body
such that ¢4 ¢? has vanishing normal derivative on the body. Here ¢° is given
and is harmonic in a neighbourhood of the body, while ¢® must vanish at infinity.
¢° represents the potential of the oncoming stream and hence, to begin with,
we set ¢° = rcosd.

We now wish to represent ¢ as a superposition of potentials due to point
dipoles distributed along a segment of the axis inside the body. Thus we set

1 (%9 rcosf

o f wo P =B E)Z]%ﬂ(i, €) dg, (2.3)
where u(£, €) is the unknown dipole strength density. Here a(e) and f(¢), which
determine the extent of the dipole distribution, must be found in addition to
u(€,¢€). They must satisfy the inequalities 0 < a(e) < f(€) < 1. ¢® as defined by
(2.3) is harmonic outside the body and vanishes at infinity. The condition that

¢b(T’ 0> Z) = -
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the normal derivative of ¢%+ ¢? vanish on the body, when used with (2.3),
becomes

ey 1 28(R) - 8'() (2 §)
4”‘fa<e> {[<z—§>2+62S<z)]% (PR

Equation (2.4) is a linear integral equation, from which we shall determine
(&, €), as well as a(e) and B(e)

}@a%. (2.4)

3. Asymptotic solution of the integral equation

Before we solve (2.4), we look first at an instructive example. If the slender
body is the ellipsoid of revolution given by r = €[z(1 —z)]%, the problem outlined
in §2 can be solved exactly (see Lamb 1932, pp. 152-153). Once the solution is
known, the dipole strength density can be recovered by a method similar to
that used in Geer (1974). The result for the ellipsoid of revolution is

mz,€) = f(€) (Be) —2) (z—ale)), (3.1)

where f(¢€) is a function of € alone and a(¢) and ,B are the foci of the ellipsoid.
Thus, in particular, we see that u vamshes at a(e) and f(e)

Using this example as a guide, we look for a solutlon for M(z,€) of (2.4) of the
form

Uz, €) = (Be) —2) (z—a(€)) f (2, €), (3.2)

where f(z,€) is to be found. We shall assume that f is a regular function of z.
If we substitute (3.2) into (2.4) and then expand the right side of (2.4) asympto-
tically about € = 0, using the method of Handelsman & Keller, and not taking
into account the dependence of f on ¢, (2.4) becomes

2zg(_) 1)f(z, et 3 €¥(L;+log (€) N;) f(z, €). (3.3)
i=0

47 ~

Here the L; and N, are linear operators which are defined explicitly in appendix A.
Now (3. 3) suggests that we look for an asymptotic expansion for f(z,€) of the
form
flz,€) ~e* 3 ¥ e™(loge)™f, .(2). (3.4)
n=0m=0
Here the f, ,, are functions of z, independent of ¢, which are to be determined.
Substituting (3.4) into (3.3) and then equating the coefficients of like terms of
the form e2» (Jog €)™ on each side of (3.3), we obtain the following results:

Jo,o = —278(2)[z(1 (3.5)
S(z) k-1
fk,O(z) = g%ngoLk—n—lfn,O(z)’ k > 1: (36)
S(z) k-1 k-
and fk,m(z) = mngm Lk n—lfn m +n %E lN —'ﬂ-—lfn m—l

kz1, 1<m<k (3.7)
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From (3.5)—(3.7) we see that the f, , can be determined recursively. Also,
since f, o is a regular function of z on 0 < 2 < 1, it follows from (3.6) and (3.7)
that all of the f, ,, will be regular on 0 <z <1 if each L;F(2) and N, F(z) is
regular whenever F(z) is regular. Using the exphclt expressions for the operators
L;and N;in appendix A, this last requirement leads to exactly the same requlre-
ments on a(e) and f(¢) as those in Handelsman & Keller. Hence, a(e) and f(¢)
are the same as the functions found in Handelsman & Keller and their leading
terms are given by

(€)fe = (h6)2—ca(}e )4 (0103+202) (%€)°— (cleq + Toycac5+ 5) (F6)°+ O(620) (3.8)
and ( —fe))/dy = (36)2 —da(36)* + (d1ds + 2d3) (F€)°
—(d¥d,+ Td,dydy+ 5d3) (€)% + O(e19). (3.9)
Using the formulae (A 3) and (A 4) of appendix A, we find from (3.6) and
(3.7) that

zz(l_z){%(1—102+10z2)f30 2)+5f4 (2) (22— 1)

+ [4+ (;z [(1—22) J(z)]) /2J(z)
+{(1-2)8(0) =) (1= 2] [5(:) +2(1=2) S (D28 21~ 27| f o0

(f r z)F(Z v)dv+ = (f Z_J‘:)Fl(z,v)dv}, (3.10)

where E,(z,v) = vt {fo (2 +0)— :2"“: NiX (z) v?}

8(z)
22(1 -

(1-2—v)(v+2)

and  fiy@) { 2, of2) — —z)J(z) 7o(2)

—2f4 0(2) [(1 —22)J(2) +;id; [z(1 —z)J(z)]]}, (3.11)

where J(z) = log [42(1—2)/S(2)]
When (3.5), (3.10) and (3.11) are used in (3.4) and then (3.4) is used in (3.2),
they yield the asymptotic expansion of x(z, €) up to terms of order €® (log ¢)2.

4. Dipole moment and virtual mass
From (2.3) and (3.2), it follows that the total dipole moment D of our distri-
bution of dipoles is given by
1
D=—E f(E, ) (Ble) — &) (E—ale)) dE. (4.1)

Inserting (3.4) into (4.1) and then expanding the resulting integrals in Taylor
series about ¢ = 0, we find the following expansion for D:

D~——— Z e2k Z (loge)m

m=0

1 d \F—» (8
x Z (k—p)! [(d—ez) a(e)fp,m(g)(ﬂ(e)%)(E—a(e))dg]e“. (4.2)

=0
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Once the dipole moment D has been found, we can compute the virtual mass
M of the body by using the formula of Schiffer & Szego (1949):

M = 4mpDU-1—p7V. (4.3)

Here p is the density of the fluid, V is the volume of the body and U is the speed
of the incident stream at infinity. Setting U = 1 and using (4.2), (4.3) becomes

1 1
P = e f S(6)dg+etloge f Fua@E(L —E)dE

rorl [ o -0 £t fg (E5(1)~ (1 -psona]

+O(e® (log €)?). (4.4)
In (4.4), f, o and f; ; are given by (3.10) and (3.11), respectively.

5. Body in a non-uniform flow field

We can now easily generalize our results of the previous sections to the case
of a general oncoming flow. Let the oncoming flow be described by the velocity
potential ¢°. We assume that ¢° is harmonic in a neighbourhood of the body,
so that, for 0 < z < 1 and for small 7, #° can be expanded in a series of the form

PO(r,0,2) = $A,(r%,2) + fi_‘,l{r"An(rz, z) cosnd +r"B,(r?,2z)sinnb}.  (5.1)

In (5.1), each 4, and B,, is a regular function of 72 and z in a neighbourhood of
r = 0,0 < z < 1. By superposition, we need consider only the case when ¢° has
the form of one of the terms in the series (5.1) and hence we set,

Pr,0,2) = ryr(r%,2) €0 (n > 0), (5.2)

where ¥ is a prescribed function, regular in 72 and z near r =0 and 0 < z < 1.
We represent the corresponding ¢® as a superposition of potentials due to appro-
priate (higher-order) singularities distributed along a segment of the axis inside
the body. Thus, we set

Be) n ptnd
Br0.5) =~ g [ e e € el O - BPAE . (53

In (5.2), a(e), Ae) and f(£,€) play the same role as in §§2 and 3 above. ¢? as
defined by (5.3) is harmonic outside the body and vanishes at infinity. The
requirement that the normal derivative of ¢°+ ¢? vanish on the body, when
used with (5.2) and (5.3), becomes

2n (€28 (z), z) + 4628 (z) % (€28(z),2) — €28'(2) %g (€28(2), 2)

B 2n(z—£)% — 2(n + 1) €28 (2) + (20 + 1) €28 (2) (z — &)
T an f a(e) (€28(2) + (= - §)%)n+¥

X (E—a(e))"(Ble)—E)"f(E,€)dE.  (5.4)
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Equation (5.4) is a linear integral equation from which we can determine a(e),
ple) and f(£, €). The case n = 0 has been treated by Handelsman & Keller (1967 a)
and the case n = 1 with ¢y = 1 has been treated above.

To find f (£, €) ,we again expand both sides of our integral equation asymptotic-
ally about ¢ = 0 without taking into account the dependence of f on ¢. The left
side of (5.4) can be expanded directly in a Taylor series about ¢ = 0 while the
right side again can be expanded in a series of terms involving powers of &2
alone and powers of €2 multiplied by loge. In this way (5.4) becomes (for n > 1)

% €27 [(i)? (2m/r(628(2), 2) + 4€28(2) .g_;’.[_; (€28(z), 2) — €28’ (2) %%[f (628(2),2))]

i 2
j=03! de e=0

1 on~1

—2n

2(1—=2\" | a0 2 . .
o © n(zn—l)( 8(z) ) e +2j§0€2 (Lj+lob(€)Nj)f(z’€)' (5:5)

n

In (5.5), the f)]. and N, are linear operators which can be determined using the
method of Handelsman & Keller and

(2"_1) — @n—1)nln—1)".
n
Equation (5.5) suggests that we look for a solution for f(z, €) of the same form

s (3.4), but with the factor €2 in front replaced by ¢**. If this expansion is
inserted into (5.5) we are led to a system of recursive equations similar to (3.5)-
(3.7). In particular, we find that

— 2 _ n
f6) ~ Zog (2nn 1) {z (f(j)z): Y(0,2)e2 + O loge).  (5.6)
A careful examination of the form of the operators L; and N, and the require-
ment that ﬂjF(z) and ZV].F(z) be regular whenever F(z) is regular leads to the
same requirements on a(¢) and g(e) as in §3. This is done by integrating by parts
several times the integrals which appear in L, and N, and then showing that
they are in fact just certain linear combinations of integrals of the same type
as those which appear in L; and N; in §3. Hence, a(¢) and B(¢) are again exactly
as determined in Handelsman & Keller and the leading terms in their expansions
are again given by (3.8) and (3.9). (See appendix B.)

6. Discussion of the method

The method of Handelsman & Keller (1967a) has now been used by several
authors (see references above and also Handelsman & Keller 19675) to obtain
the uniform asymptotic expansion of the solution of a linear integral equation
in which the kernel becomes singular as ¢ approaches zero. We can now make
some general observations about this method.

First, for three-dimensional problems involving a slender body of revolution,
the density of the distribution of singularities (i.e. the primary unknown in our
integral equation) can be assumed to be a regular function of z for 0 < 2z < 1,
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while it is not regular in ¢ near ¢ = 0, since terms involving loge appear. From
(5.4), we see that, as € approaches zero, the kernel behaves like the sum of terms
which are 0((z—§)‘2” 1y and O(e?(z — §)~27—%). For n = 0 this singularity is not
‘too severe’ and the method works fine. However, for n > 1, this singularity
apparently becomes too strong for the method to work and hence an adjustment
in the form of the solution [e.g. (3.1)] must be made. More precisely, we must
assume that the solution vanishes at each end point of its distribution, like the
distance from the end point to the nth power [see (5.4)]. If this assumption is
not made, the method will simply not yield a uniform asymptotic solution of the
integral equation (see appendix B).

Second, for two-dimensional problems (Geer 1974; Geer & Keller 1968), the
denominator in the keruel looks just like (z—£)%+€%8(z) and, in particular, not
this quantity raised to a fractional power. As ¢ approaches zero, the kernel
involves terms which are O(£ —2)~! and O(e(z— £)~2). In this case, only integer
powers of € appear in the expansion of the solution, but the solution is not a
regular function of z. In particular, near each end point of its distribution, the
solution blows up like the inverse square root of the distance from the end point.
Again, unless the form of the solution is modified to take into account this
singularity, the method will not yield a uniform expansion of this solution.

Finally, it is interesting just to note that the extent of the distribution (i.e.
the «(¢) and f(e)) is exactly the same for all the two- and three-dimensional
problems mentioned above which involve a symmetric body. The only exception
here is the asymmetric two-dimensional problem treated in Geer (1974), where
a and £ are modified slightly. The full significance of this observation escapes
this author at present, but at least we should not be surprised when it happens
again.

The author wishes to express thanks to Joseph B. Keller of N.Y.U. for suggest-
ing this problem and for offering helpful suggestions concerning its solution.

Appendix A. The operators I; and X;

In this appendix we present the formulae for the linear operators L; and N;
which appear in the expansion (3.3). More precisely, they are the coefficients in
the expansion of the operator

_[r 1 ,25()=8'(2)
100 =] {ie—rrramam 1 TS gre st o)~ €~ o)
~ ??-f-;(z—_)z—)e—zzr(z)+éoew(L,.+1og (€) N;) F(z), (A1)

where F(z)is assumed to be a regular function of zon 0 € z < 1 and isindependent
of e.

The expansion of I(z, ¢) follows closely along the lines given in Handelsman &
Keller. In particular, it is again necessary to break up the interval of integration
into an interval from a(e) to 2z and one from 2 to f(€). Several of the resulting
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integrals can be simplified by integration by parts and noting that the integrand
vanishes at «(¢) and f(¢). Assuming that «(e) and f(€) have expansions of the
form

ale) = 3 a;e9, Ble)=1— 3 f6%, (A 2)
j=1

i=1
where a; = 0 and 8, = 1, the final form of the operators is the following :
L;(F(z))

=% Poeine) L@ - REF) + B {Pese) 2 1) @20 BEY
+ﬁ2k+1 [d(Gk+l ,0 Rk+l 0 /dz+2k G,,*lk_R;cfk)]

+a, d{SE)TF h’f,,-_k}/dz—%(S(z»kh’a,,;k} + M) F(2) A3)
and
NJ( ( )) k20ﬁ2k+2( ;Dk—H 1(2)

+ k_éo {Fzmz(z) (2k + 1) DEFLO 4 Foktiz) [g; DE+Loy D;g,_lk]} +8;,,2F(2).

(A 4)
In (A 3) and (A 4), Fm(z) = F(2)[m ! and

L M

x (Ble)—v—2z)(v+z—a(e)) dv}] K (A 5)
min (j, p—-2+D o2k, +T2p+_. _
Be= 2 alSer {(2]1 ++; Ii‘Zk)k(2p+l-l—.‘221;cl—k1 )

Ji Tl sT2p+l—2k—1 j—k-s + T T2p+l—2k—l j—k—s (A 6)
=T (2p+i—2k—1)(Cp+i-2k—2) ’

GPHe) = — (2p+1+1) KHE)
+Ep+D) 5 KPU D+ ) - o+ ) E KIS 0,7,
(A7)
M(e) = 241(2) = 2He) = Te) — 22T e) + B (Bbue) Ty)

+
( I § (91 (2) — gx(0) — Ry (2) + 1, (0))
X (20;11-1,0+ 9511-%(2) = Fj121(0) + By g _1(2) — sy (1)), (A 8)
where
min (7, (3 {(n-1D -8 k j—k
K;L(z) = Jk§0 bn,k [—,’;I__—(;;ci :§0 (hj—k—s Tn—l~2k,s - g:i-—k—s Tn-l-zk,s): (A 9)

76 = 51| (75) @2 T = 5| () ve-=] @

e=0
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log {42(1 —2)/S(z)}, k=0,
+ 5, o [Bh0) s
= k —
Jel2) =11 i) log ,=1 2(1—2) ks, (A 11)
i 552 5@ =g5a(1)]
S( ) =1 J+1 7+ e=0
@ = 71{(78) t@e-arresep) (A 12)
1 d\i 9. 2 3
he = 51| (7) (B@-2r eS| . (4 13)
The constants a; and bn,,- are defined by
—1yx8x5x...x(2+1 .
G/0=1, a,.=( ) '7|><27 ('7 )’ '721, (A14)
1, j=0,
i-lp—-1~-2i ‘
bn,j= i]'__—_'[lﬁ’ j = 1,2,3,..., (A 15)
0, j not an integer.

Here [n] denotes the greatest integer not exceeding n. The D$}(z) are defined by
the right side of (A 7), except that K} is replaced by K?, where

}1___{0, j<%n} (A 16)
—2by, 1l (=8 T;_4,(2), § = §m

We note that all of these expressions will be regular on 0 < z < 1 whenever

F(z) is, provided that the functions g; (z) and kj(z) are regular on O £ z< 1. This
leads to the same requirements on a(e) and f(¢) as in Handelsman & Keller
(1967 a). The operators I?,. and N, Which appear in (5.5) have the same general
form as the operators L; and N; above, although the individual expressions are
longer and more involved.

Appendix B

In this appendix we outline a proof that the integral operator on the right side
of (5.4) has a regular expansion if «(¢) and f(e) are chosen in exactly the same
manner as in Handelsman & Keller (1967a). More precisely, since the integral
operator in (5.4), operating on a regular function #(z), independent of ¢, can be
written as 1

om\d

. (Ao (E—2)
where  Wi(z,¢) = L(e) [€25(z) + (2 — £)

it is sufficient to prove that each W}(z,¢), j = 0,1, n = 0,1,..., has a regular
expansion if the a(€) and f(e) are chosen as in Handelsman & Keller.

{ Wiz, e)— nW(’,‘(z,e)}, B1)

YS! (E—a(e)™ (Ble)—E)"F(§)dE, (B 2)
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Our proof will be by induction. From the work presented in Handelsman &
Keller and in appendix A above, it follows that W3(z,€) and W}(z, €), j = 0,1, all
have regular expansions. Now suppose that W9, W}, ..., W% j= 0,1, all have
regular expansions with () and f(e) chosen as in Handelsman & Keller. We
now show that W¥+ and W’“F1 have regular expansions by showing that they
can be expressed as certain linear combinationsofthe W#,j = 0,1,n = 0,1, ..., k.
Using the fact that

£—2 i d |

[58() + (z—EF1+% — 2k +1dE =[ezs(z) +- 5)2]“%}
we integrate by parts the expression for W¥+! from (B 2) and obtain

1 Ble) 1 . .
2k+1 L(e) [62,5'( 2+ (E—z)7erd (E—ale))*(Ble)—§)

x {(k+1) F(§) (a(€) + Ble) — 28) + (Ble) — £) (€ —aule) ' (E)}dE. (B 3)

In obtaining (B 3) we have used the fact that the integrand vanishes at £ = a(¢)
and £ = f(€). By our induction hypothesis on W, the right side of (B 3) has a
regular expansion and hence so does W¥+1(z, ¢).

To show that W§+1(z, ¢) has a regular expansion, we note that

1 d 2 1 (E—=)
T = E O 20 s )

where the C; are certain constants. We now integrate by parts the expression
(B 2) with j = 0 and » = k+ 1 and obtain

Witl(z, €) =

(B 4)

B ok (&) (E—=zy
Werie) = —[*SEIT 2.6 e+ W*

><(§—a(6))"(ﬁ(6)—§)"{(70+1) (&) +5(e)
+(fle) — ) (E—ale)) F'(E)}dE. (B 5)

Equation (B 5) expresses Wi+l as a hnear comblnatlon of integrals of the form
of Wi(z,e) for j = 0,1, ..., k. But now using the fact that we can write

(5_2)7 - (g___z)J—Z -—-628(2) (g_z)j—z
[€28(2) + (= — £V [38(2) + (2 —£)2T 4 [€28(2) + (= — £)27+4

and then repeating this process as often as necessary, we can express each
ng(z,e) asalinear combination of integrals of the form W§and W§,fors = 0,1,...,5.
Thus, ultimately, since the summation in (B 5) extends only up to j = k, the
right side of (B 5) can be expressed as a linear combination of integrals of the
form of W3 and W}, » = 0,1,..., k. Hence, by our induction hypothesis, W§+!
has a regular expansion. This completes our proof.

We should now make one final observation that if the integrand does not
vanish in (5.4), i.e. if the factor (8(e) ~ £)™(£ —a(€))” is omitted, we cannot make
the resulting expansions regular by any choice of the constants a, and £, in
(A 2). To illustrate this point, if we look at W1i(z,e) with the factor

(Ble) - &) (E—ale))
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removed we can integrate this expression by parts and express W1 in terms of
W3 and the terms

E0) F(Be) 6
8@ + G—aleP I [+ - AP

Using the expansion (A 2) it follows that the expansions of the terms in (B 6)
will be singular at z = 0 or z = 1, unless they vanish identically. That is, no
choice of the constants o, and g, can prevent these singularities if

F(B(e)) + 0 % F(a(e)).

Hence, it appears that our particular choice of a(¢) and B(e) and the requirement
that our density functions vanish at a(e) and f(e) are both necessary and suffi-
cient conditions for our integrals to have regular expansions.
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